ABTOHOMHas HeKOMMepuecKas npodeccnoHanbHan obpasoBaTtenbHan opraHu3ayma

«MEXAYHAPOHbI BOCTOYHO-EBPOMEVNCKUN KOJUTEXK»

’Il"
.

M B EK MywkuHckan yn., . 268, 426008, r. Mxxesck. Ten.: (3412) 77-68-24. E-mail: mveu@mveu.ru, www. mveu.ru
MHH 1831200089. OF'PH 1201800020641

i

( )

OOKYMEHT MNOAMVCAH
ANEKTPOHHOW NOANMUCHIO

Ceptudukat: 01A879D600DIAF499849437C15CA3967FA
Bnageneu: Hosukosa Bapeapa BaneHTnHoBHa
OevictButeneH: ¢ 03.04.2023 go 03.07.2024

. J

METOINYECKHUE PEKOMEHJIALIIUA
1O OPTAHU3AIMU N METOAUYECKOMY COITPOBOKIAEHHNIO
CAMOCTOSATEJBHOM PABOTHI CTYJIEHTOB

Mo JIUCIMIIIMHE

EH.01 MaremaTuka

i cnenuainsHocT CI1O

21.02.03 «Coopyx’eHue 1 3KCIuTyaTaluus ra3oHe(TenpoBoI0B U ra30He()TEXPAHUIIULL)

WMxeBck 2022 r.



IHosicHuTeALHAA 3aNNCKA

OOyueHue mnpennonaraeT CcaMOCTOATENbHYI0 pPabOTy CTyAEHTa HaJ Y4eOHBIM
MaTepUaIoM: YTEHUE YYeOHUKOB, PEIICHUE 3a/a4, BHITIOJHEHHE KOHTPOJIBHBIX 3aJaHHi.
Opnako, B ciayyae BO3HUKHOBEHHS 3aTPYAHCHHH TPU CaMOCTOSTEILHOM H3yUYeHUU
MaTepualia, CTyJAEHT MOKET OOpaTUTHCS K MPENoAaBaTeIl0 MAaTEMAaTUKU JIJISl TTOJTy4YeHUs
YCTHOM KOHCYJIbTAIUH.

[Ipu BBIMOJHEHUU CAMOCTOATENBbHON PaOOThl CTYACHT JIOJKEH PYKOBOJICTBOBATHCS
CIIEIYIOIUMHU yKa3aHUSMU:

1. CamocrosiTennpHasi pa0oTa BBHITIONHSAETCS B OTACIBHOW TETpaaW B KIETKY, Ha
TUTYJIBHOM JIUCT€ KOTOPOWM JOJDKHBI OBITh SICHO HamucaHbl (aMUiIvs CTYACHTA, €ro
WHUITAAJIBI, TIOJHBIN (P, KypC, CTIEIHATLHOCTb.

2. 3amauym cleqyeT pacmojaraTh B TOPSAKE HOMEpPOB, YKa3aHHBIX B 33JaHUAX.
[lepen penieHneM 3aJa4u Ha10 OJHOCTBIO MIEPENUCATH €€ YCIOBHE.

3. Xoj pelieHust Kaxaou 3aj1aun CTyJIeHT 00s13aH 0POPMUTH aKKypaTHO, B TIOJTHOM
COOTBETCTBHHM C TIOPSJIKOM PEIICHHWS THUITMYHON 3a7a4d, NTPHUBEACHHOW B JaHHBIX
METOJUYECKHUX yKa3aHUSX.

4. Pemienuwe 3ajady TeOMETPUYECKOrO COJAEpKAHUS JIOJDKHO —COIPOBOXKIATHCS
YepTeKaMu, BBITIOJIHEHHBIMU aKKypaTHO, C YyKa3aHHUEM OCEeM KOOpAMHAT W EIUHUIL
macimiraoa.

5. Ha xaxmoii cTpanuiie TeTpaad HEOOXOIUMO OCTABIATH MOJSI MUPUHON 3-4 cM
JUTSI 3aMEYaHUi TperojaBaTes.

6. CamocrositenbHass pab0Ta BHIMOTHSAETCS CAMOCTOSITEIIBHO.



CamocrosiTeibHass padora

Teopernyeckuii MaTepuaJ

1.0nepanun HaJ reoMeTPHYECKMMH BEKTOPAMH.

BektopoMm, WIM TEOMETPUYECKMM BEKTOPOM, & HAa3bIBAETCA MHOXKECTBO  BCEX

HaIpaBJICHHbBIX OTPC3KOB, MMCHOIHUX OJHWHAKOBYIO JIMHY W HaIIPaBJICHHUC. O BcsakoM

orpeske AB W3  OTOr0  MHOXECTBAa  TOBOPAT, YTO OH  IIPEICTABJISET
BeKTOp & (IOTydeH MPUIIOKEHUEM BEKTOpa & K Touke A). JnuHa
orpeska AB Ha3blBaeTcd JUIMHOW  (MOAysJeMm) BEKTOopa, U  00O3Hayaercs
cumsonom [a [=|AB |. BekTOp HyJI€BOIl JUIMHBI HA3bIBAETCS HYJIEBBIM BEKTOPOM M

o06o3nauvaercs cumBosom O .

Bektopsi @ u D HaseiBaroTcs paBHBIMU (A =D ) ecu MHOkeCTBa MpeACTABISAIONMX UX

HaIpaBJICHHBIX OTPE3KOB COBIIAAAarOT.

B
(6
A
ITycts Hanpaenennsiii  orpesok AB npeiacrapiser  Bekrop & .IIpuiaokuB K
touke B 3amannrii BexTop D , momyuum HEKOTOPBIN HaIpaBJICHHbBIN
orpezok BC . Bekrop, IIPEICTABIISAEMBII HalpaBJICHHBbIM
orpeskom AC , Ha3bIBACTCs CyMMOI BekTopoBd ub wu

o6o3uauaercs a+b

[Ipou3BeeHNEM BEKTOpPa & Ha JeHCTBUTEIBHOE YUCIIO A HA3BIBAETCS BEKTOP, 0003Ha4a

eMblit Aa , TAKOM, 4TO:

Dda =il |;

2) BekTOpel A W Ad conanpasinensl 1mpu A>0 M IPOTUBONONIOKHO HANpaBJIEHEI
npu A<0.

[Mpumepsl.

2.4,



Jlanbl BexkTopa al u a2. [loctpouTs:
a) 3ai;

6) 1/2az;

B) a1t+2az;

r) 1/2a1—a.

Pemenne.
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a) [3a1 |=3|a1 |; HanpaByIeHME BEKTOPOB
3a1 u al COBIIAJIAOT.

6) [0.5a2 |=0.5|az |; HanpaBieHueE
BEKTOpOB 0.5a2 U a2 COBIIAJIAIOT.



al+2a2

2a2 P\\

az
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B) Brawane mnocrpoum BekTop 2a2 : Bexrop 2a2 HanpaBleH TaK Ke
KaK a2 u [2a2 |=2|az .
Bekrop ai+2az ; MO’KHO MOCTPOUTH KaK JHAroHallb lapajuiesorpamma,
IIOCTPOCHHOI'0 Ha BEKTOpax al ul2az
AY
3..
a2 21
1.5a1-a2
; al
- 05a1 X
3 2 i 1 2
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r) Buauane IIOCTPOUM
sextop 0.5a1 :[0.5a1 |=0.5|a1 |;HanpaBnenne BeKTOPOB
0.5a1 u al 1 coBnangaroT.
Bekrop 0.5a1—az - 3TO Takol BEKTOp, KOTOPBII B CyMMe
caz nact 1/2a1
2.8.
AK u BM - MeraHbl tpeyronsauka ABC. Bepasurs
uepes P=AK u J=BM BexTopsl AB , BC u CA

Pemienne.



N3BecTHO, YTO MeAMaHbl TOYKOM NEpeceueHus ACNIATCS B OTHOLICHWH 2:1 cuurtas OT

BEPILHHBL. Hostomy [AO |=23JAK" |. Tak kak HATIPABJICHUE
ektopo AO mAK  cosmamaer, o AO  =23AK .
Ananornuno, BO  =23BM .
U3 tpeyronsauka AOB nmeem
AB =A0O +OB =A0  -BO  =23(AK  -BM
~)=23(p-).
Hanee, u3 tpeyronsarka ABK maiinem BK:
BK =BA +AK  =AB +AK =—23(p—q)+p=13p+2
34.
BC—=ZBKq—=23p+43q.
U3 tpeyronsanka ABC umeem
AC  =AB  +BC  =23(p—q)+23p+430=43p+23g=CA  =-AC
=—43p—230.
Oreer: AB =23(p—q); BC  =23p+43q; CA  =—43p—23(Q.
2.10.
B
tpeyronsiuke ABCAM  =a4dB  uCN  =fCM  .Ilomaras A
B  =auAC =D swpaszuts AN uBN uepes BeKTophl d u D.
Pemenue.
B
. N
A L C
b

Tax xax AM =0AB ,aAB =a, ro AM =oaq.



U3 tpeyronsanka AMC umeem

CM  =CA +AM  =-AC +AM =—b+aa.
Mo ycnosuto CN =BCM . Cnenosarensio, CN =f(-b+aa).
U3 tpeyronsanka ANC umeem
AN =AC +CN =b+p(—b+aa)=b(1-p)+apfa.
13 tpeyronsanka ABN nmeem
BN =BA +AN =—AB +AN =—a+b(1-p)+afa=b(
1-p)+a(af—1).
Orser: AN  =qgfa+b(1-f);BN =a(of

2.I1penes pyHKIUM
Boruncienue npeneaa pynxunun. [Iycts pyHkuus y=Ff(x) umeer cBouM mpeaenom
gucimo A: lim f(x)=A, npuuem f(X) wH3MEeHSCTCSI B 3aBHCUMOCTH OT HW3MCHCHUS

X—>Xg
nepeMeHHoW X. HeoOXomWMo ydYWTHIBaTh, 9YTO TIPH HEOTPAHWUYEHHOM CTPEMIICHUHU
NEPEMEHHOM X K YMCIy a (X—a) caMO YHCJIO a UCKIIF0YAETCs U3 3HAUEHUI, IPUHUMAEMBbIX
nepeMeHHoi x. Jlaaum onpenenenue npeaesia QyHKIUA B TOUKE.
Yucno A HaspiBaetrcs mpeneioM ¢(ynkimuu f(x) B Touke Xo M 00O03HauUaeTcs
lim f(x)=A, ecnmu mns moboro yucina € >0 cymectByet uncio 6>0 Takoe, 9TO I BCEX X,

X—>Xg

YAOBIETBOPSIOIINX  YCIOBUIO |x —x,|<8, Tnme x#x,, BBIIOJHACTCS HEPABEHCTBO
1f(x) - Al<e.

[Ipu BeuMcIeHUU Tpenenasl (QYHKIUH HCIONB3YIOTCS TEOPEMBI, KOTOPHIC
dbopmynupyroTcs 60€3 T0Ka3aTeNIbCTB.
Teopema 1
Ecnu cymectByror npenensl Gyukuuid f(X) u ¢(X) npu Xx—a, TO CyIIECTBYET TaKkKe
U Mpeiesl UX CYyMMBI, paBHBIN cymme nipenenoB ¢yHkimit f(x) u ¢(x):

lim (£ (x)+@(x))=lim f(x)+lim o(x)
Teopema 2

Ecnu cymectBytoT npeaeinsl dynkmui f(X) u @(x) npu x—a, To CyIIEeCTBYET TaKKe
U TIpeieT UX MPOU3BEICHNUS, PaBHBIN MPOU3BECHHIO TipeaesioB ¢pyHkiui f(x) n o(x):
lim (£ (x)-@(x))=lim f(x)-lim o(x)
X—a X—a X—a
Teopema 3
Ecnu cymectBytor npeaensl pyukiuid f(x) u ¢(x) npu x—a, npeaesn GyHKIuu ¢(X)
OTJIMYEH OT HYJISI, TO CYIIECTBYET TaKXKe MpeJiesl OTHOILICHUS —f((X; , PaBHBIM OTHOIIECHUIO
o (X
npenenoB ¢pyHkui f(x) n o(x):
im f(x) B lim f(x)

— X—a
2 p(x)  lim o(X)
X—a
Cnenctue 1. IIoCTOSSHHBIN MHOXHUTEIIb MOKHO BBIHECTH 3a 3HAK MpEIea:

im (kf(x))=klim f(x).

X—a

CJ'IG,Z[CTBI/IC 2. Ecmun— HaTypaJIbHOC YHCJIO, TO CIIPABCAJINBBI COOTHOIIICHUA:



lim x" =a" lim%x =%Ya

X—a X—a
Cnencrsue 3. [Ipeaen MHorowiIeHa (11€10# pallMOHAIBEHON (QYHKITHH)
F(X)=aix"1+ ax"2+. . .+an-1x"+a,
HpY X—apaBeH 3HAYCHUIO 3TOr0 MHOTOWICHA IPH X=4a, T.€.
a, X" +a,x"' +..+a,,x+a,

F(x)=
() byX™ +b,Xx™* +...+b, ,X+b,

MIPU X—C PABEH 3HAYCHUIO 3TOU (DYHKIIMH MPU X=C, €CJIA C IPUHAIICIKUT 00JIaCTH
ompenesieHus 3To PyHKINH, T.€.
Iim F(x)=F(c).
X—>C

. 0 o
3. IlpaBuia packpbITHs Heonpe/aeJeHHOCTel 6:—
o0
0
IIpaBuJio pPaCKpbITUS HeOoIpeaeJIeHHOCTH 0 Yto051 PAaCKpBITh

0
HEONIPECACIICHHOCTD 6 Hag0 4YHUCINTCIIb U 3HAMCHATCIIb I[pO6I/I Ppas3JIOKUTh HA MHOXXUTCIINU

Tak, YTOOBI MOKHO OBLIO COKpATHUTD.

IIpaBwio  packpbITHS Heolpeae/IeHHOCTH UtoOBl  pacKphITh

0
0

HEONIPECACIICHHOCT — HAJA0 YHUCIHUTCIIb M 3HAMCHATCIIb )Ip06I/I COKpPAaTUTb Ha CaMYIO
0

OOJBITYIO CTETICHb X B 3HAMEHATEE.
4, OnpenesieHne Npou3BoOAHON QYHKIIMH.

IpousBoanoii ¢ynkmmu Y=f(X) HaspIBaeTCs Mpeies OTHOIICHUS MPUpPAIICHUS
GYyHKIIMUM K TpUpANIEHUIO apryMeHTa MpU CTPEMJICHHM TNpHpaileHus (YHKIUU K
MPUPAIICHUIO apTyMEHTA MPU CTPEMJICHUH MPUPAIIEHUS apTyMEHTa K HYJIIO:

. : d . A
y =f (x)=—y= lim 2
dx Aax—>0AX '
OcHoBHbIe paBuiia TuppepenunpoBanus. O6o3HaunM yepe3 C NOCTOAHHYIO, X

— apryMeHT, U, v, W — QYHKITUH OT X, HIMEIOITUE TIPOU3BOIHBIE.
[TpounsBoaHas anredOpanyeckor CyMMBbI (yHKITHIA: (U +v-— W) =U +v —W
[TpousBoaHas MPOM3BEAEHHS IBYX QYHKIMIA: (Uv) =u'v+0'U
[Tpou3BoaHAs TPOU3BEACHHS OCTOSHHOM Ha PyHKImIo: (Cu) =Cu’

[TpousBoHas yacTHOTrO (POOH): [EJ = w
v v
( - j Ly (C j c .
YacrHele cayyau: | ==u; A I
C C L o

Cnoxnas ¢yukmus. [IpousBognas cinoxnon ¢dyHkuuu. Ecnu y ecth QyHKIus ot U:
y = f(u), rae u, B cBOIO OYepeb, eCTh (PYHKIUSA OT apryMeHTa X: U = @(X), T. €. eClId y
3aBUCHUT OT X 4epe3 MPOMEKYTOUHBIH apryMeHT U, TO Y Ha3bIBA€TCSA CIOXKHOU (DyHKIIHEH
or x (pynkuueit ot pynkuun): y = f[p(x)]



[TpousBoaHast CiIOKHOW (PYHKIIMM paBHA €€ MPOU3BOAHOU MO MPOMEKYTOYHOMY
apryMeHTy, YMHOXXEHHOM Ha NPOU3BOJAHYIO JITOTO apryMeHTa II0 HE3aBUCUMOU
MIEPEMEHHOM:

dy _dy du
dx du dx
WIH y (X)=y (u)-u'(x)

Dopmy.Jbl 1 depeHUNPOBAHNS

@) =nurty (gu) - 0,4343 u

Y '

(E] :—u—z'u (Iogau)_ulna'u

(\/U)'=i\/_-u' (a“)':a“ Ina-u
2\u

1. : ,

(Inu) ==-u () =e"-u
IIpou3BoaHbIE TPUTOHOMETPUYECKHUX (PYHKIUI

inu) = u-u ‘

(Sln u) cos (COS u)' =-—SInu- u'

° u’

cos2 u (ctg u) =—

(tg u)' =

.u'

sin2 u

IIpou3BoaHbIE 0OPATHBIX TPUTOHOMETPUYECKUX PYHKIMT

D S
(arcsin u)’ = 1. (lul <1) (arctg u) = ; u
—u2 +u
1-u
(arccos u) = ——— +u' (Ju| <1) (arcctg u) = - u
N1-u? 1+ u?
S. I'eomeTpuyeckuii CMBICJI NPOM3BOAHON GyHKIIUU

Ha nunun, 3agannoit ypasaenuem y = f (X), Bo3bMeM (puKCHpoBaHHYIO TOUKY Mo(Xo;
Vo) Y TIPOM3BONIbHYIO TOUKy M(x, y). TIpoBenem cekymyro Mo M u depe3 o 0003HAYUM yTOJ,
00pa30BaHHBIA ATOM CeKylllell ¢ MOJOKHUTENbHBIM HampasieHueM ocu x (puc. 1). Ilpwu
crpemiiciur Touku M 1o ymauu y = f(X) k Touke Mo cekymias Mo M cTpeMuTCs 3aHSTh
nonokeHue npsimoit MoK, a yron a crpeMuTcst cTaTh paBHBIM YTy @. 31€Ch

Ay
teo = —
. Ax

>

rae Ay=f(X) —f(Xo); Ax=x-Xo, @ ¢ = lim.



0

/
Puc. 1

Onpenenenne KacarenbHOM K JMHMM B JaHHOM €€ Touke Mo Ha3bIBaeTcA
MIPEICILHOE MOJI0KEHUE ceKylnern MoM mipu ctpemiieHnu ToYku M 110 TuHUM K Touke Mo.
VYria0BbeIM KO3 HuIMeHTOM K mpsMoli (B YaCTHOCTH, KacaTeIbHOWM) Ha3bIBACTCS
TAHI'EHC yTja HAKJIOHA IPSMOM K MOJI0KUTEIbHOMY HAIIPaBJICHUIO OCH X.
Ay

Ecmu Ax—0, To tg a—1tg ¢, mostomy k =tge = Alerﬂotgoz = Alerﬂ()E =y
6. Du3nYeCKuil CMbICJ MPOU3BOAHOM (PYHKIUH

IIycte Touka M mepememniaeTcs Mo MPsIMOM M HM3BECTEH 3aKOH JBHXKEHHSI ATOMU
touku: S=f(t), rae S — myTs, t — Bpems. TpeOyercss HATH HCTUHHYIO CKOPOCTH JBIIKEHHUSI
B MOMEHT BpeMeHU L.

So Sot+AS S ,

to totAt t

JI1s1 paBHOMEPHOTO BH>KEHUS (T.€ ABUKEHHS C IOCTOSIHHOM CKOPOCTBIO) CKOPOCTh
— 3TO MYTh JICJICHHBIN Ha BPEMSI.

VY mHac naBWXeHHE, BOOOIIE TOBOps, HEpPaBHOMEpPHOE. PaccMOTpHM «cocemaHHil»
MoMeHT BpeMeHH tot+At. 3a Bpemst At Touka npoxenana myth AS=f(to+At)-f(to). Cpennss

AS
CKOpPOCTh Ha DTOM IIPOMEXYTKE V , = R T.x. At u AS — mManbie BEJIUYUHBI, TO MOKHO

cantath, 9T0 Vep=(Viuer)t-to. UTOOBI 3TO MPUOIMIKECHHOE PABEHCTBO CTaj0 TOYHBIM, HAJO
nepeitn K npeneny npu At—0:
V. —iimV. —iim 25 _jm TG A0 ) gy
M At—»0 P A0 At At—0 At

Taxkum 006pa3om, €ciu U3BECTEH MyTh Kak (DYHKIMS BPEMEHHU, TO TPOU3BOIHAS Ty TH
10 BPEMEHH — 3TO CKOPOCTh JIBHXKEHUSI. DTO U €CTh (PU3UYECKUN CMBICI TPOU3BOIHOM.

AHaJIOTHYHO, €CJIM U3BECTHA CKOPOCTh aBmxkeHus V=V(t), To ee mpou3BoHast — 3TO
yCKOpeHHe (CKOpPOCTh M3MEHEHHs cKopocTH). M BooOme MOXHO cKaszaTh, 4YTO

IPOU3BOIHAS (PYHKITUU B TOUKE — 3TO CKOPOCTh U3MEHEHHUSI (PYHKITUU B ATOU TOYKE.

1. Onpenesnenune nuddepenunana GyHKUMH

C moHATHEM NPOM3BOAHOM TECHO CBs3aHO mMoHATHE AUPPepeHmuana. UToOn
BBUICHUTh CYIIHOCTh A3TOrO IMOHATHSA, paccMoTpuM ¢Gyukmuio y =f(x), 3amanHyio B
uHTepBaje (a, D) U UMeroIYI0 B HEKOTOPOH TOYKE X 3TOT0 MHTEpBaJia MPOM3BOJIHYIO Y =
' (x). Ilpugagum x npupaiieHre AX, OTJIMYHOE OT HYJIsSI, HO HE BBIBOSINEE U3 HHTEpBaja
3aganus GyHkiuu. Yepes Ay o003HaYMM COOTBETCTBYIOIIEE MpUpaiieHne GyHKuuu. Tax



A o
KaK OTHOILICHHE A—y npu cTpemiieHMH AX K HYJIO CTPEeMHUTCS K IMPOU3BOAHOU y', a
X
pa3HOCTh MEXIYy MEPEMEHHOW, MUMEIONIeH MpeaeN, W STUM NIPEaeioM eCTh BeIHYHHA
A
GECKOHEUHO Majlasi, TO BEMYMHA —» - y' ctpemutcs K HyJto BMecte ¢ Ax. [penpinyiee
’ AX
PaBEHCTBO MOXKHO 3anucarb B popme Ay=y' AX+a AX, rae oo — CTpEMHUTCS K HYJIIO BMECTE
c Ax.
O6o03HaunB 0AX=f , MBI BHAUM, YTO MpH OECKOHEYHO MajoM AX mepeMmeHHas [3
Tak)Ke €CTh OECKOHEUHO Mallas BEeJIMYMHA U MPUTOM CTPEMSIIAsCS K HYJIIO ObIcTpee, 4eMm
AX, Tak Kak

. . aAX .
lim E:hm —=Ilm a=0,
Ax—0 AX x>0 AX x—0
Boo01me, ecnu 1Be 0€CKOHEUHO Majible BEIMUUHBI P U G CBS3aHBI MEXKIY COOOH yCIOBHEM

lim P =0, TO roBOpAT, 4TO P CCTh OecKoHEeYHO Manas 0oJjiee BEICOKOTO Inopsaaka, 4€M c.
o

Takum oOpaszom, BenuurHa 3 €CTh OECKOHEUHO Majas 0o0Jjiee BBICOKOTO MOpPSIKa,
yeMm AX. DTO 03HAYaeT, YyTo MPHU BecbMa MajbiX AX BeJIMYMHA [3 BO MHOTO pa3 MEHbIIIE, YeM
Ax. JlokazaTenbCTBO 3TOro ¢akra MMEeTcss BO MHOTHMX PYKOBOJACTBaX IO
MaTEMaTUYECKOMY aHAJIU3Y, HO OHO BBIXOAMT 32 PAMKH HaIlel MporpaMMBl.

Takum oOpazoMm, mpu Manblx AX Beau4uHOW B = o AX 9acTo mpeHeOperaroT u
JIOBOJIbCTBYIOTCSI PUOMKEHHON (HOpMYIIOit

Ay=f'(X) AX.

Omnpenenenue. [{uddepenunanom wid riaBHOM 4YacThiO NpHUpalICHUS (DYHKIHH
y=f(X) B TOYKe X, COOTBETCTBYIOUIMM IMpHpAIICHHIO AX, Ha3bIBACTCS MPOH3BEICHUE
npou3BoaHOH f '(X), BEIYUCICHHON B TOUKE X, Ha AX.

Huddepennnan pynkuun y =f(x) o6o3nagaercs uepe3 dy mimu df(X). Takum
obpazom,

dy =y 'Ax winm df(x) =f '(x) Ax.

N3 onpenenenus nuddepeHunana cieayer, 4To OH sBJsieTCs (PYHKIUEH IBYyX
HE3aBUCUMBIX MIEPEMEHHBIX — TOUYKHU X U TPUpAIIECHUS AX.

OgHuM H3 OCHOBHBIX CBOWMCTB JuddepeHimana, KOTOPOE HMMEET MIUPOKOe
OpUMEHEHUE Ha NPAKTUKE — 3TO TO, 4YTO, MpeHeOperas OECKOHEUHO MaibIMU Ooliee
BBICOKOT'O TOPsIIKa, MOXKHO HPUOIMKEHHO 3aMeHATh Ay — mpupalieHue (QyHKIUU ee

maddepennuanom dy.
8. Omnpenenenue neppoodpa3Hoil GpyHKuuM

Oynkmnus F(X) HassiBaeTcs nepBooOpazHoi mist Gyrknun f(X), eciu BeIOTHICTCS
paBencTBo F'(X)=f(X).

Harmpumep:

1)  f(x)=3x% F(X)=x3; 1.k (x°)'=3x?,

2) f(x)=cosx; F(x)=sinx, 1.k (SiNX) =COSX.

8. Teopema o cynecTBOBaHHH 0€CKOHEYHOT0 MHOKECTBA MEPBOOOPA3HBIX

Teopema. Eciu dynkius f(X) umeer nepBooOpasHyro, TO OHA UMEET OECKOHEUHOE
MHOXeCTBO mepBoodpasubix F(X)+C, C=const.



Hanpumep: f(X)=5x*; F(x)=x°, 1.k (x°) =5x* F(X)=x>+11; F(x)=x°-22
9. T'eomeTpuYecKoe N300pakeHNe MEPBOOOPAHOM

C reoMeTpu4ecKol TOUYKHU 3pEHUs TrpaQuKu MepBOOOPA3HON MOKHO MOIYYHUTh APYT
U3 JIpyTa MapajjieabHbIM IEPEHOCOM BIOJIb och OY.

Ya

20

y=FX

/ \// y=F(Q+C
— X

/ — 10. OmnpeneJsieHue HeonmpeaeJeHHOT0 HHTErpaJia

Onpenenenne. HeompenenennsiM wuHTErpaioM oT ¢(ynknuu f(X) HaspBaercs
COBOKYIIHOCTH BCeX mepBooOpasubix Buaa F(X)+C u o0osnayaercsa F(x)+C =] f(x)dx, rae
f(X) — mogunTerpanbhas Gynkuus, f(X)dX — moguHTerpasbHOE BEIpaKEHHUE.

Hanpumep: [3x%dx=x°+C.

Onpenesnenue. [Ipouecc HAXOXKICHUS nepBooOpa3zHoi Ha3bIBACTCS
HHTErPUPOBAHNEM.
HNurerpupoBanue — 370 AeiictBue oOpaTHoe TudPepeHIInpOBAHUIO.

11. CsoiicTBa HeonmpeaeJIeHHOT0 HHTErpaja

CaolicTBa HHTErpaa:

1) J(F(X) + @(x)dx =] f(x)dx + feo(x)dx (MaTEerpal CyMMBl paBEH CyMMeE
WUHTETPaJoB);

2) [af (x)dx=a[ f(x)dx (IToCTOSIHHBIA MHOXHTEIb MOXHO BBIHECTH 3a 3HAK
UHTErpasia);

3) [ f(kx+b)dx = % F(kx+ b) + C (MaTETpas OT CII0KHOU (PYHKITHH).

12.  Tab6auna HeonmpeaeJeHHbIX HHTETPaJoOB

d
1. [dx=x+C 7. ITX=|H|X|+C
2. [kdx=kx+C 8. [e¥dx=e*+C
n+1 1

3. [x"dx=2—+C 9. [——dx=tgx+C

n+1 C0S“ X
4. [a*dx = 2 _.c 10. | ——dx=—ctgx+C

Ina sin“ x

1 .
5. [cosxdx=sin x +C 11. | = =arcsin X+ C =—arccosx +C
1-x

6. Jsin xdx=—cosx+C 12. | 1 ~dx =arctgx + C = —arcctgx + C

1+ X



13.  OmpenesieHue onpeeJJeHHOr0 HHTErpaJia

Onpenenenne. OmnpenencHHbIM uHTErpagoM ot GyHkmuu f(X) Ha oTpeske [a, D]
Ha3bIBACTCS MPEJICI €€ MHTETPATbHONW CYMMBI (€CJIH OH CYIICCTBYET).

b n-1

[()dx=_lim > f(&),x

3neck: f(X) — moguHTEerpabHAs QYHKITUS;

f(X)dx — momuHTETpaIbHOE BBIPAKCHHUE;

a, b — mpeenpl HHTErpUPOBAHMS: «a» - HUKHHHU, «Dy» - BepXHUil.

b
13 popmyisl cienyet, uto | f(x)dx =S

DTO paBEHCTBO BBIPAKACT T'€OMETPHUYCCKUI CMBICI OIPEAEIEHHOr0 HHTErpaa:
OIpeIeIICHHBIA UHTErPaJI €CTh IJIOIIA/ (b KPUBOJIMHEHHON TpaTeIuu.

Bompoc o cyiecTBOBaHMM WHTErpajia, Ha MEPBBIN B3IV, JAJICKO HE MPa3IHBINH:
BE/Ib €CTh MHOXKECTBO CHOCOOOB pa3OueHus orpe3ka [a, b] Ha wacTh, ecTh MHOXECTBO
Croco0O0B BBHIOMpPATh TOYKH € U MPHU 3TOM OyAyT MOJYyYaThCs pa3iHMdHbIe CYMMBbI. A BOT
HpeeIIbl STUX Pa3HBIX CYMM JOJKHBI ObITh OJJMHAKOBBIMH — ILIOMIAb-TO O/HA!

U BoOOIIIE UMEET MECTO TeOpeMa 0 CyI[eCTBOBAHUM OIPeIeIeHHOr0 HHTEerpaJja;
ecim pynkmus f(X) HenpepbiBHA Ha oTpe3ke [a, b], To onpeneneHHbI HHTErpall OT Hee Ha
orpe3ke [a, D] cymecTByer M MMeeT €IWHCTBEHHOE 3HAYCHHE, HE 3aBHCSINCE HU OT
pa3oueHus oTpe3ka [a, D] Ha yacTh, HE OT BEIOOpA TOYCK.

14. ®opmyaa Herorona-Jleiionuna

Yto06bl MOAYyUnUTh (GOPMYITY ISl BHIYMCIICHHS ONMPENEICHHOr0 MHTErpaia, ele pas
IIOCTAaBUM 3aJ1a4y O BBIYMCIICHUHU ILUIONIAAN KPUBOJIMHEWHOU TpaIleuu.

Y a

M
A B
A1 Ml Bl »
of a X b X

Paccmorpum kpuBosmHeliHyr0 Tpanennio AiABBi. Bo3bmeM HEKOTOpOe 3HauY€HHE
X€[a, b]. ScHo, uro momane kpuBoMMHEHHON Tparneiyn AiAMM; (3amITpuXxOBaHHAs Ha
YepTEXKE) 3aBUCUT «X», T.€ sBisieTcs ¢yHkiuedn Xx. OO003HauuM 3Ty (PyHKIUIO S(X).
Ouesuno, uto S(a)=0, S(b)=S — mromane Bcel TaHHON KPUBOJIMHEHHOM Tpamneiuu.

MoHO 0Ka3aTh (MBI 3TO AeaaTh He Oyaem), uyTo QyHKIUS S(X) sSBIsSETCS MepBOOOpa3HOI
s ynkiun f(x), T.e S”(X)=f(x)/

ITycts Tenmepsr F(X) ToXe Kakas-HHOyOb mepBooOpasHas it f(x), Hanpumep
F(x) =/ f(x)dx. Ho Torma o cBolictBy nepsoodpasusix S(x)=F(x)+C.

[Tpu x=a mosryuum: S(a)=F(a)+C wm 0=F(a)+C



Jnrelf C=- F(a)
Buaunt S(X)=F(x)-F(a). HOJIO)I(I/IM 3neck X=b: S(b)=F(b)-F(@) wm S=F(b)-F(a), o

S= If(x)dx CJIEZIOBATEIILHO S = If(x)dx F(b)-F(a).

Oto u ecth (opmyna Hprotona-JleitOuua. OHa TOBOPUT, YTO IS BBIYUCIICHUS
ONPE/ICTICHHOT0 HMHTErpajla Hajo CHavana Haith QyHkimioo F(X) mepBooOpasHyro s
MOJIMHTErpabHON (DYHKIIMH; 3aT€M B HEE MOJCTABUTH MPEAeIbl HHTETPUPOBaHUS (BEPXHUM U
HIDKHUK) © 3areM Haiitu pasHocth F(b)-F(a). ITostromy wmuorma ¢opmyny HeroToHa-

JleiiOHMIIA 3aMMCHIBAIOT TIOIpOOHEE:
b

b
[ f(dx=F(x)| =F(b)-F(a)
b a
15. OmnpenesieHue KPUBOJIUHENHO Tpanenun

16. InddepeHunaibHble ypaBHEeHUs

JuddepeHuanibHbIM YpaBHEHUEM HA3bIBAECTCS YPAaBHEHUE, CBA3BIBAIOIIEE MEXKIY
co00Ol HE3aBUCUMYI0 NEPEMEHHYIO X, HCKOMYIO (YHKLUHIO Y U €€ MPOU3BOJHBIC WIIU

g depeHnnansl.
CumBonnyecku qudpepeHnnanbHoe YpaBHEHHE 3alIUCHIBACTCS B CIIEIYIOIEM BUJIE:
F(X,y,y) =0,
F(x, ¥, V") =0,

FOXy,y'y",....y") =0.

HuddepennmanbHoe ypaBHEHHE HAa3bIBACTCS OOBIKHOBEHHBIM, €CIM HCKOMas
(GYHKIIMS 3aBUCUT OT OJHOTO HE3aBUCHUMOTO MTEPEMEHHOTO.

[Topsinkom mudepeHnanTbHOTO ypaBHEHHsI HAa3bIBACTCS TMOPSAOK  CTapIiei
npousBoaHOH (Wm nuddepennmana), BXOaAIeH B JaHHOE ypaBHEHHE.

Pemiennem (unu unTerpanom) nuddepeHmanb,HOr0 YpaBHEHHST Ha3bIBACTCSl Takas
dbyHKIMs, KOTOpas oOpalaeT 3T0 ypaBHEHUE B TOXKIECTBO.

O6muM perieHueM (Wi oOIIUM MHTErpasioM) auddepeHInaIbHOUIO ypaBHEHUS
HA3bIBAETCS TAKOE€ pElIeHHEe, B KOTOPOE BXOAMUT CTOJIbKO HE3aBUCUMBIX MPOU3BOJBHBIX
MOCTOSTHHBIX, KaKOB TOPSAOK ypaBHeHMs. Tak, oOmiee pereHue auddepeHnanibHoro
ypaBHEHHUSI TIEPBOTO MOPSIKA COAEPIKUT OJIHY MTPOU3BOJIBHYIO TTOCTOSIHHYIO.

YactHeiM pemieHueM aud@epeHImaibHOTO  ypaBHEHUST Ha3bIBacTe pEICHHUE,
MOJIy4eHHOE U3 OOIero TMpHU Pa3IMYHBIX YHUCJIOBBIX 3HAYCHHSIX MPOU3BOJIBHBIX
MOCTOSIHHBIX. 3HAYE€HUsI NPOU3BOJBHBIX IMOCTOSHHBIX HAXOJATCS MpPHU OINPEIEIECHHBIX
HAYaJIbHBIX 3HAYCHUSIX apryMeHTa U (QYHKIIUH.

I'papux wacTtHOTO pemenus aupdEpEeHIINATFHOTO YPaBHEHUS  HA3bIBACTCS
UHTETpabHOW  KpuBOW. OOmemy pemennio  audQepeHnnaIbHOTO  YpaBHEHUS
COOTBETCTBYET COBOKYMHOCTh (CEMENUCTBO) BCEX MHTErPAIbHBIX KPUBBIX.

HuddepeHnmanbHpIM ypaBHEHUEM TEPBOTO MOpPsJIKA HA3bIBACTCS YpaBHEHUE, B
KOTOPOE€ BXOJIAT NMPOU3BOAHBIC (MU qudPepeHIabl) He BhIIIE MEPBOro MOpsIAKa.

HuddepeHnmanbHbIM ypaBHEHHEM C PA3JESIOMIMMUCS TEPEMEHHBIMU HA3bIBACTCS
ypaBHEHHUE BUA

Y 1 000(y)
Jiist perieHust 3TOro ypaBHEHUsI HY>KHO CHavasa pas/ieJuTh IepeMeHHbIe



Nt
oly) 0%

a 3aTeM IPOUHTETPUPOBATH 00 YACTH IOJYYSHHOI'O PABCHCTBA:
I dy _ J' f (x)dx
o(y)
YpaBHeHuE BUAA

Wty +e(x)=0
dx

rne f(X) m @(x) — QyHKIUE OT X, Ha3bIBaeTCs JHMHEHHBIM auddepeHIIUATBHBIM
ypaBHEHHEM TiepBoro mnopsaka. B yactHoM ciydae f(X) 1 ¢(X) MOryT OBITH MOCTOSTHHBIMHU
BEJIMYMHAMU. OTO YpaBHEHUEC TIPUBOJUTCS K YPAaBHEHHIO C  Pa3Ie/ISIOIIUMHUCS
IEPEMEHHBIMH C TTIOMOIIBbIO TIOJICTAHOBKH Y = UZ, TJie U U Z — HOBBIC (PYHKIIMH OT X.

17. OCHOBBI TEOPUH KOMILJIEKCHBIX YU CeJI

OCHOBHbI€E NIOHATHUSA TEOPUH KOMIJIEKCHBIX YU CEJL.

KomriuiekcHbIM YHUCJIOM Z Ha3bIBAE€TCS YHUCJIIO Buja £ =a ti re? u? —
IEWCTBUTEIILHBIE ypcnaa, ! — TaK Ha3bIBaeMas MHUMAS eouHuya.
Yuciio @ Ha3bIBACTCA 0elcmEUumeibHoll yacmovlo KOMIUIEKCHOTO yucia Z ,

YHCJIO & Ha3bIBACTCS MHUMOU YaACMbl0 KOMILUICKCHOTO Yuca 2 .

a¢+& _ 5170 EJIMHOE YMCIJIO, a He cnoxenue. JeHCTBUTENbHYIO ¥ MHUMYIO YaCTH
KOMIUIEKCHOTO 4HMCJIA, B IPUHLMIE, MOXHO IEPECTaBUTh MecTaMu: Z =& +2 yn
IIEPECTaBUTh MHUMYIO €IUHHILY: € =< +# _ 0T OSTOro KOMIUIEKCHOE HYHCIO HE
n3MeHUTCA. HO CTaHIapTHO KOMILIEKCHOE YHMCJI0 MPUHATO 3aMUCHIBATH HMEHHO B

TAKOM mopsake. 2= +&i

CioxeHue KOMILIEKCHBIX YMCeJl

Ipumep 1:

CI0KATh 1Ba KOMIUIEKCHBIX Yncia 1= 1+3 ,fa = 4-5

JIns  Toro dUTOoOBI CIOXWTHh JIBAa KOMIUICKCHBIX 4YHCJIA HYXHO CJIOXHTh UX
JICUCTBUTEIILHBIC u MHHMBIE YacTH:
z 4z, =143 +4-5i=5- 2

ﬂeﬁCTBHe HaCTOJIBKO O4YCBHUIHO, qTo HC HYXKIAaCTCA B JOITOJIHUTCIIBHBIX
KOMMCHTAapHUIX.

TakuM HEXUTPBIM CHOCOOOM MOKHO HAWTH CyMMY JIFOOOTO KOJIMYECTBA CIAraeMblX:
IPOCYMMUPOBATh AEUCTBUTENBHBIE YACTH U IPOCYMMHUPOBATh MHUMbIE YACTH.

oy tE, =2+

JIJ1sl KOMIUIEKCHBIX YHCEJNl CIPaBeUIMBO MPABUIIO MEPBOrO Kiacca: — oT

MNEPECTAHOBKU ClIaracMbIX CyMMa HC MCHACTCA.
BbhluuTaHue KOMILIEKCHBIX YHCeJ

Ilpumep 2:

HaifTi pasHOCTH KOMILICKCHBIX ducen 217 %2 iy 22741 ecmm 1= 72+ £ = f3+5



JlelicTBHE aHAJIOTMYHO CJIOKCHUIO, CIMHCTBCHHAS OCOOCHHOCTH COCTOUT B TOM, YTO
BBIYUTAEMOE HY)KHO B35ATh B CKOOKH, a 3aT€M — CTaHAAPTHO PACKPBITh 3TH CKOOKH CO
CMEHOU 3HAaKa:

2=z, ==24i—(J3+5) = —24i-3-5=-2-.J3-4

Pe3ynpTar HE NOKEH CMyILATh, y MOJYYEHHOIO 4YHCIA ABE, a He Tpu 4dacTtu. [Ipocto
I[@IZCTBHTCHBH&SI yacTb — COCTaBHad:. ~ 2= ”‘E . I[J'IS[ HarJIiaHOCTH OTBCT MOXHO
nepenucars Tak: 21 %2 = (72 43)-4i

Paccuuraem BTOPYIO pa3HOCTB:
Z— 7 =35 (=24 =3+ E A2 i = 2+ 5+

31ech JeHCTBUTEIBHAS YaCTh TOKE COCTABHAS: = +1f3

UtoO6pl He OBLIO KaKOW-TO HEAOCKAa3aHHOCTH, MPHUBEAY KOPOTKHM NpuUMep ¢

«HEXOPOIIIC» MHUMOW YacThiO: ~ 142 +7 -3 =6+ (2 -3 . Bor 3mecr 6e3 cxko0OK
y>Ke He 00OUTHCH.

YMHOKeHHEe KOMILIEKCHBIX YHCeJl

Hactan MOMEHT MO3HaKOMUTh BaCc CO 3HAMEHUTHIM PABEHCTBOM:
#=-1

IIpumep 3:

Haiiti mpou3BeieHre KOMIUIEKCHBIX Yhcen 217 1-1  f2 = 346

O“IGBI/II[HO, qyTO IMPOU3BCIACHUC cacayceT 3aIlInucarTb Tak:
2,2y = (1= (3 +61)

Yro nHanpammBaerca? HanmpammBaeTcsi pacKpbITh CKOOKM O MpaBUIIy YMHOXKEHUS
MHOTrowieHoB. Tak u HyxHO cienath! Bce anreOpanueckue AEHCTBUS BaM 3HAKOMBI,

2
'’ IaBHOC, IIOMHUTD, YTO it=-1 ) | 6I)ITI) BHMUMATC/IBbHBIM.

[ToBTOpUM  WIKOJIBHOE TMPABUIO YMHOXXEHUS MHOTOUJIECHOB: UTOOB YMHOXHUTH
MHOTOWIEH HAa MHOTOWIEH HYXKHO KaXJbIi WIEH OJHOTO MHOI'OWJICHAa YMHOXWTb Ha
KaXXIbIM YWIEH APYTroro MHOTO4YJICHA.

A pacnuury OAPOOHO:
2y 2, =(1-D(3+601=1.3-1 3+1 6i—i 6i =3 +6i+6=9+3

Hanetoch, BeceM ObUIO MOHSTHO, yto — 1 1 =—0"=-6- (=) =46

BHI/IMaHI/IC, H CIIC pa3 BHUMAHUC, Yallc BCECro OH_II/I6Ky AOITYCKarOT B 3HAKaX.
Kak wu CyMMad, IIPOU3BCACHHNC KOMIUICKCHBIX YHCC]I IICPECCTAHOBOYHO, TO CCTb

CIIpaBeUIMBO PaBEHCTBO: “1 %2 ~ %141,

I[e.neHne KOMILVICKCHBIX YHCEJI

Ilpumep 4:



=

=13+1 z;=7-8% Hajiru yactHoe %2 .

JlaHbI KOMIUIEKCHEIE YKciIa 1

CocrtaBum YaCTHOE:
zp 13+

I[eﬂeHI/Ie YUCCJI OCYIICCTBILCTCA METOA0OM YMHOKCHHUA 3HAMCHATEISA U YUC/IUTEIA
Ha CONPAKCHHOC 3HAMECHATE/II0 BbIPA’KCHUC.
E:'z

_ 2 _
Benmomunaem dopmyiy @~ 8@ Ha)=a ¥ CMOTPHMM Ha HAlll 3HAMEHAaTellb. ¢~ % B

3HaAMCHATCJIC YiKC CCTh (@—&) , IIOTOMY COIIPAKCHHBIM BBIPAKCHUCM B JdHHOM CJIy4dac

(a+3)

SABJISIETCS , TO ecTh / +

CornacHo HpaBuily, 3HaMEHaTelb HYKHO YMHOXHUTh Ha ‘19 p, 4roObl HUYEro He
U3MEHWJIOCh, JOMHOXXHTh  UYHCIWTEIh HAa TO JK€ caMoe  9ucio ‘+&i:
2z, (1341)(7+61)
z,  (7—68(7 +6i)

Jlanee B yucnmTeNe HY)HO PACKPHITh CKOOKH (TIEPEMHOXHUTH JIBA YKCIA IO MPaBUIY,
pPacCMOTPEHHOMY B TpeAbIIyIIEM IyHKTE). A B 3HaMEHATele BOCHOJIb30BATHCS
(@—d)a +h)1=a® —b*

dbopmyon (mOMHUM, qroi’ = =1 u ne nmyTaemcs B 3Hakax!!!).
Pacninmry oAPOOHO:
7 (3+(7+60) _91+Ti+TH+67 _ 91+7i+7% -6 _
z,  (7—6)(T+6) (&Y 49-(-36)

Bi+8% BH+BX
= = =1+i

43 + 36 85

[Tpumep mogoOpaH «XOpOIIUii», €Cliv B3STh JBa MMPOU3BOJIBHBIX YHCIIA, TO B PE3YJIbTATE
53 4

— -
JIeNIeHus TI0YTH BCEr/a IMoaydarcs Apobu, yro-Hubyas Bpoge 12 13
KoMILIeKCHBIE YHC/IA B JKOHOMHUKE

CeromHsi CIOXKHO TPEACTaBUTH cebe psiji HayK 0e3 NMPUMEHEHHUS KOMIUICKCHBIX YHUCEl.
Teopust DIEKTPOTEXHUKH, DIEKTPOMEXAHUKHU, PAIAUOTEXHUKH, CAMOJIETOCTPOCHUS U
JIPYTUX HayK HEBO3MOXKHA 0€3 TPUMEHEHHS MOjeleil B BHUJAC KOMIUIEKCHBIX YHCEIL.
DKOHOMHKa, OoJiee CIIOXKHAs HayKa, JI0 CHX TOp HE 3HaJla MPUMEHCHHS KOMIUICKCHBIX
YUCEIL.

ToBap sABISETCA HOCHUTENEM JBYX COCTaBIIIONINX: TOTPEOUTEIbCKUX  CBOWMCTB,
00BEKTHBHO MPHUCYIIUX TOBAPY, W LIEHBI - JICHS)KHOW OICHKH MOTPEOUTEIIbCKUX CBOMCTB
TOBapa KOHKPETHBIM moTpeduTeneM. C y4eToM TOTO, YTO M MOTPEOUTETHCKHE CBONCTBA
TOBapa M €ro IeHa SABJISIOTCS HEOOXOAMMBIMH MMOKA3aTEISIMU CBOMCTB TOBapa, BOZHUKAET
OTPeOHOCTH pa3paboTku u HCIOJIb30BAHUS KOMILJIEKCHOT'O MOKa3aTes,
XapaKkTEepU3yIOUIEro 3TH JABE CTOPOHBI OJHOTO OOBekTa. MIMEHHO TakuM TOKa3aTejaeM
MOXKET CTaTh KOMIUICKCHOE YHCJIO, COCTOSIIEE U3 JICUCTBUTSILHOM U MHUMOM 4acTe.



[IpeacraBuB Kakyro-muOO OIIEHKY TOTPEOUTENHCKMX CBOMCTB ToBapa [l  kak
JNEHUCTBUTEIBHY0 YacTh KOMIUIEKCHOTO 4YMCIIa, a €ro neHy Il - kak MHHMYIO 4YacTb,
HOJIY4YHM:

T=11+ill, (1)

r7€ 1 - MHUMas eAuHuIa, Kotopas omnpezaensercs yciaosuem 1?7 (0, 1) u ynoBnerBopsieT

COOTHOIIICHHIO.
i2=-1.(2)

Jlerko ybOenuTbcs B TOM, 4TO 3amuch (1) MO3BOJISIET MOJHOCTHIO ONKCATh CBOMCTBA
KOHKPETHOTO TOBapa M MaTeMaTHYECKU KOPPEKTHO paboTaTh KakK ¢ KaXKI0W U3 JIBYX €Tr0
COCTaBIISIIOIINX, TAK U C UX COBOKYITHOCTBIO B LIEJIOM.

18. d1eMeHTBbI TEOPUHU BEPOSATHOCTEN M MAaTEMAaTUYECKOM CTaATUCTUKH
Caiy4yaiiHble COOBITHA U UX BEPOSTHOCTH.
[IpuMeHeHMe KOMOMHATOPHUKM K NOACYETY BEPOSITHOCTH.

IIpumep 1:
B maptuu u3 N neraneit umeercs N 6pakoBaHHbIX. KakoBa BEpPOSTHOCTH TOTO, YTO CPEIH

Hayaqy oToOpaHHBIX K meraneii okaxercs S OpaKOBaHHBIX?

Pemenue.
KonnyecTBO BCeX 3IEMEHTApHBIX HCXOJO0B  PaBHO ij,f . Jlna moacyera 4ucia
OJIarONPUSATHBIX CIIy4yaeB paccyxaaem TaK: 13 N OpaKOBaHHBIX MOYKHO

BBIOpaTh S geraneit L, crocodammu, a u3 N — N HeOpaKOBaHHBIX MOXHO BHIOPATh
K — smHeOpakoBaHHBIX JAeTaneif Cf~S cmocobaMu; Mo MpaBWIy NPOM3BEAEHUS UMCIIO

GIIarONpUATHBIX ciydaeB paBHO C3CRZS . MickoMas BEpOATHOCTh PaBHA:

_ GiCN—n

p=iin (1)
N

3amMeuanue:

Beskoe K-4j1eHHOE MOAMHOKECTBO N-YJIEHHOI0 MHOKECTBA HA3bIBAETCA COYETAHHEM
M3 N 3JeMeHTOB 1o K.

Uwucno pa3InuHbIX codeTaHui U3 n 3j1eMeHTOB 1o k o00o3Havaercs CTﬂf .

CnpasemmBa hopmyna

E — 7!
Cn = ki(n—k)! '’ (2)
n!' =1-2-3-4-...-n
IIpumep 2:

B naptum u3 12 neraneit umeerca 7 crangapTHbIX. HaillTu BEpOSITHOCTh TOTO, YTO CPEAu
LIECTH B3ATHIX Hayraj AeTtaneil 4 cTaHIapTHBIX.
Pewennue.

Hckomyto BepossTHOCTH Haitem o dhopmyde (1) ans cioyyas
N=12,n=7,k=6,s=4.
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J/ieMeHThbl IMHEMHOH a/Ireophl.
Marpuusbl.
Marpuia — 3TO  TOpsAMOYTojbHas  TaOaWIla  KaKUX-JIHOO 3JIEMEHTOB. B

KauecTBE 3JIEMEHTOB MbI  OyZileM paccMaTpuBaTh 4YHCIIa, TO €CTh YHCJIOBBIC
matpuilpl. JJIEMEHT — st0 Tepmun. TepMuH XematenbHO 3allOMHUTH, OH OyneT
4aCcTO BCTPEYAThCS, HE CIIYHYAHO 5 UCIIOJIH30BAM JIJISl €T0 BBIACICHUS KUPHBIN MIPUQT.

OO0o3HaveHnme: MaTpullbl  OOBIYHO  O0O3HAYAIOT  MPOMHCHBIMH  JIATUHCKUMU

OyKBaMH A4,8.C,.

Ipumep: paccCMOTpUM MaTpUILy «JBa HA TPU»:
3 5 -17
A=
-1 0 10
I[aHHaSI MaTpuia COCTOHUT H3 IECTH IJIEMEHTOB.
(3) O)EI1T)
[ > Q)Y

A=| S |
(—1)0) {10} )

Bce uuncna (snemMeHTBI) BHYTpH MAaTpHIBI CYIIECTBYIOT CaMH MO cebe, TO eCTh HU O
KaKoM - ~ BBIYUTAHUU peun HE 1791 (1
(3 G A7)

~..—1 0 l(;» ‘

Jt1o0 npocTo Tabnuna (Hadop) uncen!

PaccmarpuBaemas MaTpHIa uMeeT 1BE CTPOKHU:
3 5 -17TP

7 1 e
=1 0 10 )

" 7 TpH cTonoua:

73N\ /I AIN

o I.— Yo /o |

CTAHIAPT: xorna T1OBOpAT O pa3Mepax MaTpULbl, TO CHAYAJIA yKa3bIBAIOT
KOJIMYECTBO CTPOK, @ TOJBKO IMOTOM — KOJHMYECTBO CTOJOLOB. MBI TOJBKO 4YTO
pa3o0pany MaTpUIly «JBa Ha TPU».

Ecim kxonmum4ecTBO CTPOK H  CTOJOIOB MATPHUIIBI  COBIAJAET, TO MAaTpPHILY

-1 0 -2
B=|-5 4 -7
6 —4 -6

HA3bIBAIOT KBAJIPATHOM, HarpuMep: — MaTpHIlA «TPU HA TPU».



C=| 4

Ecnu B matpuiie oauH crtosibern ) OJlHAa CTpOKa D=7 3 -12 0 34)

TaKHUC MaTpUIbI TAKXKC Ha3bIBAIOT BEKTOPAMM.

, TO

JelicTBHMS ¢ MATPULIAMHU

1) YMHO:KeHHe MATPHIIbI HA YN CJI0.

IIpumep:
3 12 -1 212 201 26 =3
17 o) lz7 320 )7 l21 0
Jlist Toro 9T00Bl YMHOXKHTH MaTPUIy Ha YHUCIIO, HY)KHO KasKABIH 3JIEMEHT MAaTPHUIIBI
YMHOKHTH Ha JaHHOE YKCiI0. B TaHHOM ciyyae — Ha TPOMKY.
2) Cymma (pa3HOCTh) MaTpHIIL.

Cymma MAaTPHUIL JICUCTBUE HECIIOKHOE.
HE BCE MATPUIIBI MOXHO CKIIAJIBIBATDH. JIns BBINOJHEHUS CIOXCHUSA
(BpluMTaHUSI) Marpul, HeobOxomumo, 4ToObl oHM Obuin OJMHAKOBBIMU I10
PA3SMEPY.

HaanMep, CCJIM NaHa MaTpulia «IBa Ha ABa», TO €€ MOXHO CKJIAaJbIBATH TOJIBKO C

MaTpuLEeH «aBa Ha JIBa» u HUKaKOU JIpyTOoii!
o (=1 0 =22
3. =Pl - i
> e es<a -
6 -4 =6
IIpumep:

12 -1 -4 -3
Fz[ 5 DJ Gz(w ?J
CoXUTh MaTpULIbI - U

I[.]IH TOr0 YTOObI CJI0KUTH MaTpHIbI, HCOﬁXOIlI/IMO CJOKUTH UX COOTBETCTBYIOIIIUEC
3JEMEHTDBI:

12 —1Y (=4 =3 (1248 —1+4(=3)
F+ir= + = -
-5 0 15 7 -a+15 0+7
(12-4 -1-3) (8 -4
Cl-s+1s 0+7 ) L0 7
Jns  pa3HOCTM MaTpull NOPaBWIO AHAIOTMYHOE, HEOOXOAMMO HAWTH Pa3HOCTh
COOTBETCTBYIOIIMX 3JIEMEHTOB.

IIpumep:

5 5 =17 -4 3  -15
J'q = H =
Haiitu paznocTts MaTpuIl -1 010 =5 70



g (? 5 S (-4 3 13-4 -3 -17-(19))
"[—1 0 10 J [—5 -7 0 J"[—1—(—5} 0-(=7) 10-0 J"

_{3+4  5-3 17415} (7 2 -2
145 047 10-0 ) l4a 7 10
3) YMHOXkeHue MaTPHLI.

Kakue MaTpuibl MOKHO YMHOKATH?

Yr1o6b1 Marpuily £ MOKHO OBUIO YMHOXHTH Ha MAaTpHIly L HEOOXOAUMO, YTOOBI
YHCJI0 CTOIOOB MATPHIBI £ PaBHSIOCH YHC/IY CTPOK MATPHIBI L

IIpumep:
-2 1 3
MO>XHO J1 YMHOXHUTb MaTPUILY > %) Ha MaTpUILy —l
-

«(Z )0,

=% 3HAYUT, YMHOXKATh JaHHBIC MAaTPHUIBI MOXKHO.

A BOT eclli MaTpHIIbl MEPECTaBUTh MECTaMH, TO, B JAaHHOM cllydae, YMHOXEHUE YyKe
HEBO3MOKHO!

M-l
CTOTOG AL

w37 )L

®L# X CJIe0BaTEbHO, BBIMOJHUTH YMHOXXEHHE HEBO3MOXHO, M BOOOIIE, TaKas

3an1/1c1> HEC HMECT CMBbICJIA
3\ (-2

CHC}IY@T OTMCTUTDB, 9TO B pAAC CIIYHACB MOXHO YMHOXKATb MATPHUIBI U TaK, U Tak.

I

2 =3 9 -6
M= 6 "l -4

Hanpumep, 1is marpwi, % T/ BO3MOXHO Kak yMHOXeHme MV
Tak U yMHOXkeHue VM

Kak yMHOKUTH MaTpUIbI?

Haunewm ¢ camoro IIpOCTOIO:

IIpumep:

-2 1 3
(54 ()
YMHOXUTH MaTpHUILy > 4 ha MaTpHUILy -1
Cpa3zy npuBoxy GOpMyITy JUIsl KaXI0T0 CIydas:



[‘31 le (CIJ _ [‘3151 +&ye, J
@, & £ oy e o
40 4 &1 777 — onbITanTeCh Cpa3y yI0BUTh 3aKOHOMEPHOCT.

[—2 1}[3} (—2.3+1.(—1)] [—?}
KL: . = =
5 4)1-1 5.344.(-1 11

[Ipumep crnoxuee:

2 =3 9 -6
M = N:
YMHOXUTb MaTpully 4 =% ha maTpuuy 6 -4
[‘11 "E'lJ _ ('51 dl] _ [‘11'51 +hey  ad) +E:'1'¢£:4J

dopmyna: a, Bl e, d aue) e, ad Hhd,

2 =31 (9 -6 2-9-3.6 2.(-61-3.0-4 0 o
MI: . = =

4 -6)le —4) l49-6.6 4.-6)-6.(-n) lo 0
B pe3ynbTaTe nosiyyeHa Tak Ha3blBaeMasi HyJeBasi MaTpHIIa.

[TonpoOyiite CaMOCTOSITETILHO BBITIOJIHUTH ymHoxkenne ¥M (npaBunbHblii

4
otger v~ 4 ¢ ).

Oo0parure BHuMaHue, uyro MV = NM | Takum 06paszom, mepecTaBiasiTb MATPUILI B
NPOM3BeICHNH HeJIb3s!

Ecnu B 3a1aHUM [IPELIOKEHO YMHOXKUTH Martpully # na matpuny &, T0 1 yMHOXATh
HY’>KHO UMEHHO B TakoM Topsjike. Hu B koem cirydae He Ha000pOT.

HCDCXOI[I/IM K MaTpunaM TpEThEro IMopsaaKa.

5 8 -4 2
F=|6 % -5 R=|-3
4 7 -3 1
YMHOXKHATH MaTPUILy Ha MaTpuIy
dopmyna OYCHb MIOXO0kKa Ha pEABITYIINE bopMyIbL:

a oo d, aydy + d, +od;
a, by || dy = agd Ay, Fods
a; B 0 i iy g, +oads

8 -4\ (2% (5248 (-3-4.1y [-18
9 —5(.|-3|=|6-249.(-3-5.1|=|-20
7 -3) 1) l4a247.¢-3-3.1) |-16

A Temeph MOMpPOOYHTE CaMOCTOSITENBHO pa3o0paThCsi B YMHOXKEHHH CIEIYIOIINX

5 8 -4 302 5
F=|6 5% -5 S=14 -1 3
4 7 =3

YMHOXKbTE MaTPHUILY Ha MaTpuLy



Bot rorosoe peUICHUC, HO HOCTapaﬁTGCB CHa4daJila B HCT'O HC BaFJ'IHI[I)IBaTB!

58 -4Y(3 2 5
Pe=|6 9 —5||4 -1 3|=
4 7 -3/ls 6 3
5.348.4-4.9 5.248 (-)-4.6 5.5+48.3-4.5% {11 -22 29
=|6.3+9.4-59 6249 (-1)-5.6 6.5+9.3-5.5|=|9 -27 32
4.3+7.4-3.9 4.247.(-)-3.6 4.5+47.3-3.5) |13 -17 26

IIpuMeHeHue TMHeHOM anredOpbl B IKOHOMHUKE.

Hcnonb3oBanue 3JIEMEHTOB aireOpbl MaTpHI] SIBISETCS OJHUM M3 OCHOBHBIX METOJIOB
pEIIeHUs] MHOTHX IKOHOMHYeCKHUX 3a71a4. OCOOEHHO 3TOT BOIPOC CTaJl aKTyaJbHBIM IPU
pa3pabOTKe W MCTOIB30BaHUM 0a3 JaHHBIX: MpU pabOTe ¢ HUMHU MOUYTH BCSI MHPOPMAIIUS
XpaHUTCA U 00pabaThIBa€TCs B MATPUUHOU PopMme.

3agaua:

IpeanpusitTue BbIMyckaeT 4 BUAa M3/eJIHIl C MCNOJb30BaHHEM 4-X BH/JOB ChIpPbSI.
HopMmbI pacxoaa cbIpbsi J1aHbI KaK 3JIeMEHTbI MATPHIIBI A:

BHI CHIPBA
3

Cad | b
o

BHN
H3ne  ma

|

e =3 = b3
b

oo
XK
TR W N
e Sl k=

TpeOyercst HAUTH 3aTPATHI ChIPbS HA KAKABIA BU/I U3/ NPU 3aJAHHOM IJIAHE UX
BBINyCKa: cOOTBeTCTBEHHO 60, 50, 35 u 40 en.

Pemenne. CocTaBuM BEKTOP-IIAH BBIMYCKA MPOAYKIUU
g = (60, 30, 35,40).

Torz[a peuicHucC 3aga4du JacCTCda BCKTOPOM 3aTpaT, KOOPAHMHATBI KOTOPOIO0 M ABJIAKOTCA
BCJIMUMHAMMU 3aTpaT ChIPbA IO KAKIAOMY €TI0 BUAY; 3TOT BCKTOP 3aTPAT BbBIYUCIIACTCA KaK

npousBeeHne BekTopa ¢ Ha MaTpuily A:

23 45
gA = (60,50, 35,40) ]r_ 3 i 3 =
4 5 6 &
120 + 50 + 245 + 160 a7
| 180 + 100 + 70 + 200 | | 550
| 240 4+ 250 + 105 + 240 | | B35
00 + 300 + TO O+ 320 990



3amanue Ne 1

[Toctpouts Ha yrcaoBoit ocu Touku A(-5), B(+4) u C(-2) u naiitu Benuuunbl AB, BC u AC otpe3koB
Ha ocu. [IpoBeputs, utro AB + BC = AC.

[MoctpouTts Touky C(2, 4).

[Toctpouts Touky, cummerpuuHyto Touke A(X, Y) oTHOcUTeIbHO: a) ocu OX, 6) ocu Oy, B) Hayana
KOOp/WHAT.

Kakoe cooTHoIIeHHE CYIIECTBYET MEXIY KOOpPIMHATAMU TOUKH, €CJIM OHA JIS)KUT: a) Ha OUCCEKTpHCE
MIEPBOTO M TPETHETO KOOPAMHATHBIX YTJIOB; 0) HAa OMCCEKTPHCE BTOPOTO U YETBEPTOrO KOOPAWHATHBIX
yrioB?

Jloka3zaTb, uTO TpeyroibHuK ¢ BepimHamu A(-3, -2), B(0, -1) u C(-2, 5) npsMoyrosbHbIN.

Touka A(a, b) HaxomuTcst BHYTpH IEpBOro KOOPAMHATHOTO yriia. OnpeaeauTs KOOPAUHATHI TOUKH B,
CUMMETPHYHOHN C TOUYKOH A OTHOCHUTEIFHO OMCCEKTPUCHI TOTO KOOPIUHATHOTO yTJIa.

Touku A(-4, 2) u B(X, y) nexxar Ha npsiMoit, napasuiesibHoi ocu OX, MpUYeM pacCTOSIHUE MEKIAY HUMU
paBHO 2 enuHULBI MacTaba. OnpenenuTs KOOpAUHATHI TOUKH B.

Touku A(5, 5) u B(X, y) nexar Ha OUCCEKTPHUCE MEPBOT0 KOOPMHATHOTO yriia. PaccTosiHue MEKITY
HUMU paBHO 4 equHMIIBI MaciuTaba. Halitu koopanHaTe! Touku B.

Haiitu paccrosinue mexay Toukamu A(4, -5) u B(7, -1).

[Tox KakuM yTiIoM K TIOJIOKHUTEIHHOMY HarpasieHuto ocu OX HaKIIOHEH OTPE30K, COCTUHSIOIINI
touku A(-1, 3) u B(7, -3)?

Otpesok AB coenunsier Touku A(-6, 7) u B(1, -2). Onpenenuts AIHHY 3TOr0 OTPE3Ka U YroJl MEXKITY
HUM U TOJOXKUTEIbHBIM HarpaBieHueM ocu OX.

Jloka3zaTb, 4TO TPEYTOJILHUK, BepinHbl koToporo A(2, 3); B(6, 7); C(-7, 2), - TynoyroJbHbIi.

Haiitu Touky, ynaneHHyto Ha 5 equHHII Kak oT Touku A(2, 1), Tak u oT ocu OX.
3agaua
1. Tans! BepimHbl Tpeyroasauka A(—2,1),B(3,3),C(1,0). Haiitu:

a) nuHy cTOpoHbI AB;

0) ypaBHeHue Meananbl BM;

B) C0S yria BCA,

T') ypaBHEeHHE BbICOTHI CD;

1) nHYy BeIcoThl CD;

e) mioniaab TpeyroiabHuka ABC.

3anaua 2. Haiitu amuny Beicotsl AD B Tpeyronbhuke ¢ BepmmHamMuA(3,2),B(2,-5),C(—6,—1) u HanucaTh
ypaBHEHHE TIEPIICHINKYJISAPa, OMyIIeHHOro 13 Touku C Ha npsimyro AB.

3anaya 3. Jlansl Bepumnst A(1,1),B(7,5),C(4,5) Tpeyronbauka. Haiitu:

1) nmunay ctoponsl AB;

2) BHyTpeHHu# yroa A B paauaHax ¢ TouHocTbto 10 0,01;

3) ypaBHEHHUE BBICOTHI, IPOBEICHHON Uepe3 BepimHy C;

4) ypaBHEHHE MEIMaHbI, IPOBEICHHOI Yepe3 BepunHy C;

5) TOUKy mepeceueHust BEICOT TPEYTOJIbHUKA;

6) IMHY BBICOTHI, OMYIIEHHON U3 BepIIuHbI C;

7) cucteMy JIMHEHHBIX HEPABEHCTB, OTPEICISIIONLYI0 BHYTPEHHIOK 00JIaCTh TPEYTOJIbHUKA.

Cnenatp yepTex.

3anaua 4. /laHbl ypaBHEHHsI IBYX CTOPOH TpeyroiabHuka 4X—5y+9=0 u x+4y—3=0. Halitn ypaBHeHUE
TpeThel CTOPOHBI, €CIIM U3BECTHO, YTO MEAMAHBI 3TOTO TPEYTOJIbHUKA TIepecekatoTcs B Touke P(3,1).
3anaua 5. YpaBHeHue OJJHOM U3 cTOPOH KBajpata X+3y—5=0. CocTaBUTh ypaBHEHHUS TPEX OCTATBHBIX
CTOpOH KBajparta, eciu (—1,0) — Touka nmepeceyeHus ero quaroHasne.

3amauva 6. Jauer e Bepurunabl A(—3,3), B(5,—1) u Touka D(4,3) nepecedeHust BLICOT TPEYTOJIbHHUKA.
CocTaBUTh YpaBHEHUS €TO CTOPOH.

B 3agauax 1-10 oTBeTHTH MMCEMEHHO HA TCOPCTUYICCKUC BOIIPOCHI.


http://www.pm298.ru/reshenie/wr2871.php
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http://www.pm298.ru/reshenie/wr0134.php
http://www.pm298.ru/reshenie/wr2188.php
http://www.pm298.ru/reshenie/wr05776.php
http://www.pm298.ru/reshenie/wr05776.php
http://www.pm298.ru/reshenie/wr0337.php
http://www.pm298.ru/reshenie/wr0337.php
http://www.pm298.ru/reshenie/wr0995.php
http://www.pm298.ru/reshenie/wr0995.php
http://www.pm298.ru/reshenie/wr0654.php
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1. Ompenenenue mnpenena ¢yukuuu. [IpaBmna packpbITHS HEONPEACICHHOCTEH

0 o
THIIA —; —.
o0
2. Onpenenenue Mpou3BoIHON PyHKIMU. ['eomeTpruyecKuit CMbICT MPOU3BOAHOMN
(GyHKITIH.
3. Onpenenenue npous3BOAHON GYHKIUU. DUNYECKUI CMBICT MPOU3BOIHOM
GyHKUIHUU.

4. Onpenenenue auddepennuana pynkuun. Onpenenenue audpepeHIInpOBaAHUS.
[TpaBwia nuddepeHmpoBaHus.

5. Omnpenenenuie nupdepenurpoBanus. Dopmyasl qudPepeHInpoBaHuUS.

6. Omnpenenennie mepBooOpazHoit  QyHkiuu. Teopema 0  CyIIECTBOBaHUU
OECKOHEYHOI0  MHOXKECTBa  MepBOOOpa3HbIX.  ['eomeTpuueckoe  U300pakeHue
EPBOOOPA3HBIX.

7. Onpenenenne HeompeAeneHHOro uHrerpana. CpoiicTBa uHTerpana. Tabnuua
HEONPEEICHHBIX UHTETPAJIOB.

8. Ompenenenne KpUBOJMHEHHON Tpamnenuu. [1momane KpuBOJIMHEWHON TpaneIuu.
®opmyna Herotona-Jlelionuna.

9. Ompenenenne onpeaeneHHOTo nHTerpana. CBOHCTBA OMPEIeICHHOTO HHTETpaa.

10.ITonsiTHe 0 g depeHnnanbHbIX YpPaBHEHUSX. Onpenenenue
muddepeHInanbHOr0 ypaBHEHUs, MOPSAOK AU(depeHIuanbHOr0 ypaBHEHUs, PEIleHUe,
ollee pelieHre, YacTHOE peIlleHHue, WHTerpalibHas KpuBad. Juddepenunansuoe
ypaBHEHHE MEPBOTO MOPSAKA.

3aganue Ne 2

B 3agauax 11-20 BerauciauTs npeneasl GyHKINN:

21. a) I'm > (2x2-3x+4);
6) |X|Tl 3x’+5x -8 :
11(1—x)

) ||m 5x°+4X +2
x—2x"+1

22, a) IM (3xe4x2+8x+10);

6) ||Tl X -8x +15 ;
2(x—5)

g M 2x 3%+ ;
X3 _A4AX +2X%

23. a) |irT1 (x3-x2+1);

6) ||T5 X -7x +10 ;
3(x—5)



24,

25.

26.

217,

28.

29.

30.

B)Ilm x x+1
x3 22X X

a) "m 3 (2x%-8x+4);

6) |'Ln 3X' -8x +4 ;
(x=2)
B) ||m 2x°+3x" +2 -
x—2x"+1
a) )!er_ll (2x*-4x+5);
6) lim 3(x—2)

X—2 !

3x -8x+4

B) IIm 3X -2x°+4 ;

x3+4X +2X
a) |'m ) (-3x2+4x-8);
6) ||m 4(1—x)

x—1

3 +5x—8
B) ||m 2x ~3x +4 ;
X -2x" +x°

a) M (axe.5x2+4);

6) ||m X -9x +20 -
2x-10

B) ||m 3x° +4x° +3
Xx—2x"+1

a) 1M (ax0.25-1);

6) |Im 5x’-14x +8

X—2

B) ||m 2x -5x -4 ;
X +2X+3

a) M (2y244y);

6) ||m X' +7X -6 ;
X+3

)Ilm 2x'+x -1

X—>00

3 +2x" - x
a) )!er_ll (x3-x%+1);




6) Im 2x*+x -15
X—>-3
X+3
) ||m 5x°+4X +2
X—2x +1

Pemienne THIOBBIX IPUMEPOB
Boeruncaurs npeaedst:
lim 2t
1) L3 (4X-x°+8).

B sTom IMpuMepe HGO6XOI[I/IMO IMPOBCCTHU HCITOCPCACTBCHHYIO IIOACTAHOBKY.
I)!£n>3 (4x-x?+8)=4-3-32+8=12-9+8=11

2) "an 2x +x -10 = {0}
5x-10

0
HCHOCpCI[CTBeHHaSI IMoACTAaHOBKA IIPHUBOAUT K HCOIPCACICHHOCTH THIIA {— .

UToOBl pacKpbITb 3Ty HEOMNPENCIECHHOCTb, PA3J0KUM YHUCIUTEIh W 3HAMEHATEelIbh Ha
MHOKUTEJIA U COKPATUM WICHBI APOOH Ha OOIIMIA MHOKHTEIH (X-2).

Yucnureas: 2x%+x-1 O=2(X-2)(X+g )
2x2+x-10=0
D=1-4-2(-10)=1+80=81

_-1+.81 -1+9 8

2x2 4 4
x=—1-VBL_-1-9 10 5
2%2 4 4 2

Hcnonvzyemvie ghopmynvl:

— pAacloJIOKEHUE  KBAJIPATHOTO  TPEXWICHA HAa  MHOXKHTEIH
ax?+bx+c=a(x-X1)(X-X2), rae X1, X2 KOPHU KBaJPATHOTO ypPAaBHEHHUS

ax?+bx+c=0.
D=b?-4ac
x=—0+¥D . _-b-D
2a 2a

3HameHaTenb: 5x-10=5(x-2)

lim 2% +x -10 =liM 2(x—2)(x+2) _lim 2x+5_2x2+5 9
X—2 X—2 2

5x-10 5(x—2) =25 5 5

3) M 3x’-2x"+x—1 :{f}
5X +3x +10x+2

o0



e}
B sTomM mnpumepe mnosiyyaercss HEONPENCICHHOCTh BHA {—}, n30aBUTHCS OT

(e 0]

KOTOpOﬁ MOJKHO BBIHECECHHMEM 3a CKOOKHM B UHCJIMTEJIC U B 3HAMEHATEJIC ILpO6I/I CTapHIGﬁ
CTCIICHHU HepeMeHHOﬁI

lim

X—0

B

L . x G-
3x -2x° +x—1 =Ilim X x _3
X—00
5X'+3x +10x+2  y'6-2+0, 2 5

X X )
3aganue Ne 3

3agayax  31-40  wuccnegoBaTh  3aJaHHY0  (QYHKIMIO — METOJIaMHU

b depeHnrnanbHOr0 UCUUCIEHUS. U OCTPOUTh 3CKU3 Tpaduka. MccnenoBanue pyHKuun
PEKOMEHIyETCsI IPOBOJUTH 110 CIEAYIOIIEH CXEME:

1)
2)
3)
4)
S)
6)
7)
8)
31,
32,
33.
34,
35.
36.
37.
38.
39.

40.

Haiitu oOnacTe onpeneneHus: GyHKINU;

Haiitn nmpousBoaHyto QyHKIINH;

Haittu Touku s3xcTpemyma,;

Omnpenenuts TPOMEKYTKH MOHOTOHHOCTH (DYHKIINH;

Haiitu Touku neperuda QyHKIINN;

OnpenenuTs NTPOMEKYTKH BBITYKJIOCTH U BOTHYTOCTH (DYHKIIMH;
HaiiTu 3HaueHre QyHKIIMM B TOYKAX SKCTPEMYyMa U Meperunoa;
[TocTpouTts 3cku3 rpaduka.

y=2x3-9x%+12x-5

y=x3-6x*+9x+1

y=x3-3x2-9x+10

y=x3+3x%-9x-10

y=X3+6X2+9x+2

y=2x3-3x%-12x+5

y=2x3+3x%-12x-8

y=2x3+9x%+12x+7

y=2x3-15x?+36x-32

y=2x3-15x2+24x+4

Pemenue Tunmosoro npumepa

y=x3+9x%+15x-9

1) OGnacThiO Ope/IeIeHus TaHHON (DYHKIIUU SBIISIETCS BCE JCHCTBUTEIIbHBIC

3Ha4YeHHs aprymenTa X, T.¢ D(y)=R



2) Haiinem npou3BOAHYO (GYHKIIUH

y =3x%+18x+15

3) Haiigem To4KH 3KCTpeMyMma, IS 3TOTO MPUPABHIEM ITPOU3BOIHYIO K HYJIIO.
3x%+18x+15=0, /3

x2+6x+5=0

D=36-4-5=16; xlz—‘sjE ~6-316

=1 x=— Y2 -5
2

3HauuT QYHKIHS UMEET ABE KPUTUYECKUE TOUKHU X1=-1, X2=-5.
4) HaiineM npoMeKyTKH MOHOTOHHOCTH ()YHKIIMH, JJISL 3TOTO pa3OuBacM 00JacTh
OTIpeeNieHUs] KPUTHYECKUMHU TOYKaMU Ha HHTEPBAJIBI

/' ~a
T. Max T. MiN

OnpenenuM 3HaK NPOU3BOJAHON Ha KaKJIOM UHTEpBAJIE:

y (0)=3-0%+18-0+15=15>0, 3nauur Ha maTepBaie (-1;+c) npousBoxHas QpyHKIMU
MOJIOKHUTEINIbHAS, 3HAaUeHNE (DYHKITUU BO3pACTACT.

Y (-2)=3-(-2)?+18-(-2)+15=-9<0, na mpomexytke (-5;-1) mpomsBomHas (QyHKIMU
OoTpuLaTeIbHAas!, 3Ha4YeHUsI (PYHKIUHU YOBIBAET.

Y (-6)=3-(-6)?+18-(-6)+15=30>0, Ha npomexyTke (-o0;-5) Mpom3BoaHAs (PyHKIMU
MOJIOKUTEIIbHASL, 3HAUCHUS (PYHKIIMU BO3PACTAET.

OTcroza ciuenyer, uto X1=-5 — Toyka MakcuMyma (max), x2=-1 — Touka MUHHUMYyMa
(min).

5) Haiinem Touku meperuda (pyHKIHH, U1 3TOTO HaiieM BTOPYIO MPOU3BOIHYIO
GYHKIMY 1 TPUPABHUBAEM €€ K HYJIIO:

y '=6x+18

6x+18=0

6x=-18

x=-3 — KpUTHYECKasI TOYKa.

6) OnpenenuM MPOMEKYTKH BBITYKIOCTH H BOTHYTOCTH (QYHKIUH. Pa3o0bem
00J1acTh o;;ﬁnenemm Ha UHTEPBaJIbI (-00;-3) U (-3;+ )

— +

—3 (T. meperuoda)
Omnpenennm 3HaK BTOPO MTPOMU3BOTHON HA KaXKJIOM HHTEpBAJC:
y"'(0)=6-0+18=18>0;
y''=6-(-4)+18=-6<0.
Ha mpomexytke (-3;+ o) — (QyHKUOMS BBINYKIass; a Ha MPOMEKYTKE (-o00;-3) —
(yHKIMS BOTHYTas1, 3HAYUT X=-3 — TOUKa reperuoa.
7) Haiinem 3HaueHHe (HYyHKIMH B TOYKAX B TOYKAX IKCTPEMyMa U mepernoda

Ymax=Y(-5)=((-5)°+9(-5)*+15(-5)-9)=16



Yin=y (-1)=((-1)3+9(-1)>+15(-1)-9)=-16

Ynepernoa=Y (-3)=((-3)°+9(-3)*+15(-3)-9)=0

8) IlocTponm 3cKu3 rpaduKa ¢ y4eTOM IPEAbIAYIINX HCCIeTOBAHNI
yA

16

D
v

-16

3aganue Ne 4

B 3apauyax 41-50 BEIUMCINTH HEONPEIEICHHBIE HHTETPAIbI, PE3yIbTaT POBEPUTH
g depeHInpOBaHUEM.

41. a) [(3x " +8x dx;
0) [(7—6x) dx.

42. a) [(x’-6x)dx;
6) [(4+3x) dx.

43. a) [(2x +4x dx;
6) [In3x dx.

44. a) [(g"-2x)dx;

6) [cosdx dx.



45. a) [(3'-g"-1) dx;
6) [(sin3x) dx.

46. a) [(sin x—b5) dx;
6) [In(x+3) dx.

47. a) [(4—3Cc0SsX) dx;
6) [ (5—4x) ox.

48. a) [(4'-2sin x - X) dx;
6) [cos x dx.

49. @) [(4X -6X"+4x -3) ox;
6) [sin”x dx.

50. a) [(X - x°+1) dx;

6) [In(x—8) dx.
Pemrenue TunoBoro npumepa

1) Haiitu HeompeaeaCHHbBIC HHTETPAJIBI, PE3yJIbTAT MPOBEPUTH AuDepeHIIMPOBAHUEM.

—4+1 1+1 -3 2
a) J.(Zx‘4 +5x —4cos x)dx = 2); 1+ ?LX 1 —4sin x+C:—2X 3+5%—4sin x+C
—4+ +
[TpoBepka auddhepeHmpoBaHUEM:
2x°  bBx?

(- 3 +T—4sin+ C) :—g(—?))x“‘ +§2x—4cos=2x‘4 +5x —4c0s X
6) [(8x—3)dx

[IpruMeHUM TOACTAaHOBKY

8x—-3=t
8dx = dt
dx:E
8
4 4 . 4
j(sx-g)adxzjtsEzljtadtzgt_+C:t_+C:(8x 9, ¢
8 8 84 2 32

[TpoBepka nuddepeHpoBaHuEM:



(@x—®4+CJ=4@x—3f@x—$'=@x—3f8=@X_$s
T3 32 8

Hcnonvzyemvie popmyavi: (x") =nx""

(sin X) =cos X

(cU,) =cU,
J.x”dx= X +1+C
n+1

jcosxdx:sin Xx+C

3ananue Ne 5

B 3agauax 51-60 BeIuMCAUTH TUIOHIAAb PUTYPBI, OTPAHUYEHHYIO 33JJaHHBIMU
JTUHUSIMU:

51. y=x?, y=49.

52. y=x3, y=8.

53. y=x*+1,x=-2, x=2.

54. y=x?, y=64.

55. y=x+2, x=2, x=4.

56. y=x3+1, y=0.

57. y=x?+1, y=26.

58. y=2x, x=1, x=2.

59. y=x3+1, y=28.

60. y=x%*+2,y=27.

Pemenue Tunmosoro npumepa

Boruucnuts miomans GUrypsl, OorpaHU4eHHYIO 33aHHBIMUA JTUHUSIMU:

y=x>+2, y=29 Ya
29
o 3 "X
Haiinem abcuuccel Touek nepgceddnust 3aJaHHbIX JTMHHMA

y=x>+2_ [x*+2=29 [x*=27 [x=3
y=29 ' | y=29 '|y=29"|y=29



[Tmomane Gpurypst S e = Soupmn = Spmp
S =3x29=87(e0?)

npam

3
3 4 4 4

=I(x3+2)dx=(x—+2x) 23 k3o 0 008520t (e?)
) 4 4 4 4 4

SKp.mp

1 0

S, —87-261-60°(co?)
4 4

Que

OtBeT: mioiaab GUrypsl COCTaBIsET 60%(e02)

Hcnonvsyemvie chopmynvr. HeroToHa-JIeiiOHMITA
b
Sy = | T (X)dx = F (b) - F(a)

n+1

X
n+1

+C

Ix”dx:
chx:cx+C

3aganue Ne 6

B 3apauyax 61-70 naliTu yactHOe pemeHue AudPpepeHImaILHOro YpaBHCHHS
NIEPBOTO TOPSIIKA:

o | _dx
CAX y
y(0)=1
62. | 9y _dx .
X Y
y(—2)=4
dy dx
3. I Ty
y(0)=2
64. {dy:gxzdx;
y(2)=4
65. {de=(X—l)dX;

y(0)=4
y(0)=2
67. gy Cdx
y(1)—6

68. [ydy=(x+2)dx :
{ y(2)=8



2x 2y
y(2)=4

70. ]fdy:4x3dx
y(®)=9

69. {dydx:

Pemrenue TunoBoro npumepa

Haiitu yactHoe pemenue nudpepeHIpoBaHHOTO ypaBHEHUS IEPBOTO MOPSIKA
dy dx
{sz Ty
y(0)=2

210 nudpepeHIPOBAHHOE YPAaBHEHHE C Pa3ACISIIOIIUMUCS TEPEMEHHBIMH.
[IponsBoauM pazziesieHue MEPEMEHHBIX: ydy = 2x%dx

WNurerpupys o0e yacTu paBeHCTBA, MOTYYaeM: I ydy = j 2x°dx

2 3
y2_5x3+2C

HCHOJ’IBSY?I Ha4aJIbHOC YCJIIOBUC, BBIYHUCIIUM, COOTBCTCTBYIOIICC EMY 3HAUYCHHC

[IOCTOSTHHOE C: %x03+2C=22; 2C=4; C=2

[ToaTOMYy "YacTHOE peleHne UCXOAHOTro U (PepeHINPOBAHHOTO YPaBHEHHS,

4
yIOBIICTBOPSIOIIEE 3aIaHHOMY HAYalIbHOMY YCJIIOBHIO, UMEET BUII: Y’ = 3 x® +4

3apanue Ne7

3aganmue:
BruinmosmHuTh neiicTBUs

(1+3i)+(-3+i)

(5-31)x(2-5i)

(5+41)-(-3+4i)

(2+3i)/(2-3i)

(-4+30)+(4-3i)

(3+51)x(2+31)

(4+21)-(-1+2i1)

(5-4)/(-3+2i)

(-2+51)+(2-5i) | (3-4i)x( -7+3i) | (7-2i)-( -4+3i) | (-5+2i)/(6-7i)
(3-4i)+(-3+4i) | (6+7i)<(-5+2i) | (-9+4i)-( 3+5i) | (1+8i)/( -3+i)
(7-20)+(-7+3i) | (1+8i)x(-9+4i) | (2+31)-(-3+i) | (-8+i)/(7-2i)

(-5+2i)+(5-2i)

(3+4i)x( -8+i)

(-3+41)-(6+71)

(6-7)/( -1+2i)

(-6+71)+(6-71)

(7-2i)x( -3+i)

(3+5i)-(-9+4i)

(3+41)/( -5+2i)

(1+8i)+(-8+)

(2+3i)x(6-7i)

(-5+2i)-(3+4i)

(-9+4i)/(5-71)

(-9+40)+(9-4i)

(-5+2i)x( 7-2i)

(-4+3i)-( 2+3i)

(6+71)/( 1+8i)

(8-5i)+(-8+5i)

(-1421)x(6+7i)

(7-5i)-(-8+i)

(3+5i)/(-4+3i)

3aganmne Ne8
3aganme:
Pemuth 3amauy
B maptuu u3 8 nmeraneit umeerca 6 craHmapTHbIX. HaliTu BEpOSTHOCTH TOTO, YTO
CpPEeaM MATHU B3ATHIX HAyTaJ AETajJed POBHO TPU CTAHIAPTHBIX.
B nexe pabotator 6 mMyxuuH u 4 xeHmuHbl. [lo TaGenbHBIM HOMEpaM HayJady



otoOpanbl 7 dYenoBek. HailTu BEpOSTHOCTH TOTO, YTO CPEad OTOOPAHHBIX JIUIY
OKXYTCS 3 )KEHIIUHBI.

B rpynne 12 cryaeHToB, cpenu KOTOpbIX 8 oTIMYHUKOB. Ilo crimcky orobpansl 9
CTyJleHTOB. HaliThu BEpOSATHOCTH TOr0O, YTO CpPeAu OTOOpPAHHBIX CTYAECHTOB ISTh
OTJINYHHKOB.

B ypue 5 Oenbix u 4 depHbix mapoB. U3 ypHbl Hayrag BeiHMMarOT 3 mapa. Haiitu
BEPOSITHOCTh TOTO, UTO CPEJIM BHIHYTHIX IIAPOB OyJET 2 OENbIX.

B maptum u3 10 neraneir umeerca 8 craHgapTHbIX. HallTu BEpOSITHOCTH TOTO, YTO
cpenu 6 B3ATBIX Hayraj JeTajacil poBHO 4 CTaHJAapPTHBIX.

B rpynme 16 crynenTos, cpenu kotopsix 10 ornuunukoB. Ilo criucky oroopans! 12
CTyJAeHTOB. HaliTu BepoATHOCTH TOrO, 4YTO Cpeaud OTOOpPAHHBIX CTYIEHTOB 6
OTJINYHHUKOB

B mexe paborator 7 mMyxuuH ¥ 5 xkeHmuH. [lo TabGenpHBIM HOMeEpaM HayJady
0ToOpaHbl ceMb8 denoBek. HallTu BepOATHOCTH TOTrO, YTO CpeAd OTOOPAHHBIX JIUIL
OKaXyTCs 4 KCHIIUHBI.

B ypue 7 Genbix u 5 yepHbIX mapoB. M3 ypHbI Hayraa BeiHUMaroT 6 mapos. Haiitu
BEPOSITHOCTh TOT'O, UTO CPEJIN BBIHYTHIX IIAPOB OyJeT 4 OebIX.

B maptum u3 12 neraneir umeercs 8 craHmapTHbIX. HallTh BEpOSTHOCTH TOrO, 4TO
cpenu 7 B3ATBIX Hayraj AETAJIEH POBHO S5 CTAHAAPTHBIX.

B rpynne 14 ctynenTtos, cpenu Kotopbix 9 otnuunukoB. Ilo cncky orobpansr 11
cTylaeHTOB. HalTu BepoOATHOCTH TOrO, YTO CpeAud OTOOpPaHHBIX CTYJIEHTOB S
OTJINYHUKOB

3ananue:
Haiitu npousBenenne matpuiy AB = C, eciiu A, B nansi:

A:(_Sl i g),B(iﬂz LSL)

%l 82
A-(y 3 f)»B(?g lg)
=2 1o é)aB(é g)
A-(5 g),B({ %2
r=(50 1 2)ee gl—;;
7 el
G o (2 )




9 3
£ 1 7 —
SEELE
5 10
8 11 12y [
A=(3 T 4B (31 182)

KpuTtepuu onieHKH BbINOJHEHUsI 32 1aHUI

«5»-Pabota momkHa OBITH BBIMIOJNHEHA MPABUIBHO M B MOMHOM 00béMe , 90-100%
BBITTOJTHCHHSI.

«4»-PaboTa BBINOJIHEHA MTPABWIBLHO, HO UMEIOTCS HEJIOYEThI, MPOILCHT BHITIOJIHCHUS
75-89%.

«3»- PaboTta BBITIONIHEHA TPABUIILHO, HO UMEIOTCSl OIMUOKH, MPOICHT BBITTOJHEHHS
50-74%.

Ilepevyennb pekoMeHayeMbIX yueOHbIX u3aanuil, UHTepHeT-pecypcos,
JAOIOJTHUTEJbHOM JIUTePaTyPhI

OcHoBHas n1uTepaTypa

1. IMumaues, B. C. Maremaruka : y4eOHUK W mpakTukym s cro / B. C.
[Mumaues; mox pen. A. H. TuxonoBa. — 8-e u3m., mepepad. M gom. — M. : H31aTEIBCTBO
IOpaiit, 2022. — 447 ¢. — (cepus : npodeccuoHaabHoe 0Opa3oBanue). — isbn 978-5-
534-04609-0.

2. boromosnos, H. B. Maremaruka : yueOHuk i crio / H. B. boromonos, n. U.
Cawmoitienko. — 5-¢ u3., nepepad. U momn. — M. : uzparensctBo HOpaiit, 2022. — 396 c.
— (cepus : npodeccuoHanbHOe obpazoBanue). — isbn 978-5-534-02325-1. . — pexum
noctyna : www.biblio-online.ru/book/d4b1de57-5dca-464f-9d73-2b57aacbd299 pexum
noctymna : www.biblio-online.ru/book/3e8ebal9-dc34-4025-b856-a20ac595b921

JlomoHUTENbHAS TUTEpaTypa

1. Hlopodeena, a. B. Maremaruka : yueonuk ans cmo / a. B. fopodeeBa. — 3-e
u3n., nepepad. U nmon. — M. : wm3marenscTBO topaiit, 2022. — 400 c. — (cepus :
npodeccuonanbHoe obpasoBanme). — isbn 978-5-534-03697-8. Pexum nmoctyma
www.biblio-online.ru/book/

2. TlaBmrouenko, 1. B. Maremaruka : y9eOHUK W TIPAKTUKyM s crmio / 10. B.
[TaBmrouenko, H. III. Xaccan. — 4-e uzz., nepepad. U gon. — M. : uzgarensctBo HOpaiir,
2022. — 238 ¢. — (cepus : mpodeccuoHanbHoe oOpasoBanue). — isbn 978-5-534-01261-
3. Pexxum nocryna : www.biblio-online.ru/book/

3. boromonos, H. B. Marematuka. 3aiauu ¢ pemenusmu B 2 4. Yacte 1 : yueGHOE
nocobue nns cno / H. B. boromonoB. — 2-e u3a., ucnp. M mon. — M. : U34aTeNIbCTBO



rolOaiit, 2022. — 364 ¢. — (cepus : npodeccuonaabHoe obpasoBanue). — isbn 978-5-
9916-7483-6. Pexxum noctyna : www.biblio-online.ru/book/

4. boromonos, H. B. Maremaruka. 3agauu ¢ pemeHusiMu B 2 4. Yacts 2 : yueOHOe
nocobue /i cno / H. B. boromonos. — 2-e uzn., ucnp. U qomn. — M. : U31aTenbCTBO
FOpaiit, 2022. — 285 ¢. — (cepus : mpodeccroHanbHOe oOpa3oBanue). — isbn 978-5-
534-02010-6. Pexxum noctyma : www.biblio-online.ru/book/
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